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Multiplying Clifford algebra generators
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The key observalion is thal for any a © A, there exisis a unique a’ ¢ A such thal

ae = ea’

and that the A-bimodule structure forces (ab)' = a'b’. Hence we have an automorphism (fixing the real ficld)

(—)':4— A

and we can easily enumerate (up to isomorphism) the possibilities for associative division superalgebras over [R:

L.

2.

A = B Ilere we can adjust e so that e* = (e, e) is either —1 or 1. The corresponding division superalgebras occur at |
o'clock and 7 o'clock on the super Brauer clock.

A = C. There are two R-automorphisms © — C. In the case where the automorphism is conjugation, condition («) for
super associalivily gives (e, e)e — ele, e) so that (e, e) must be real. Again e can be adjusted so that (e, &) equals —1 or 1.
These possibilities occur at 2 o'clock and 6 o'clock on the super Brauver clock.

For the identity automorphism, we can adjust e so that (e, ) is 1. This gives the super algebra Cle|/ ::{!2 1) (where e

commutes with elements in ). This does not occur on the super Brauver clock over . However, it does generate the super
Brauer group over C (which is of order two).

. A = H. Here R-automorphisms H —» H are given by h v+ zhr L for z € H. In other words

he = exhy !

whence ex commules with all elements of H (1.e. we can assume wlog thal the aulomorphism is the identity). The properiies
of the pairing guarantee that hie, e} = (e, ejh forall h ¢ I, so {e, ¢} is real and again we can adjust e so that (e, ¢}
equals 1 or —1. These cases occur at 3 o'clock and 5 o'clock on the super Brauver clock.



Chomsky hierarchy of automata

Finite automata: re — er implies e — er

Pushdown automata: ce = ec implies e — cec

Linear bounded Turing machine: hex = exh implies hhhhhhex — exhhhhhh

Unbounded Turing machine: e —»
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(¢, x)-representations of C'T'-groups

Identity: linear, even: p(I) = (; (1})

_ L0
Time reversal, antilinear, even: p(7T') = ( )

- 0 1
Charge conjugation, antilinear, odd: p(C') = ( )

— 0 1
Parity, linear, odd: p(CT') = (1 0 )
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Notation

e+ is odd and 2+ = +1
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Lie algebra decomposition g = b + m where [, b] € b, [h, m] € m, [m,m| € b.
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